Results
All topological groups considered in this paper are assumed to be Hausdorff.
1.1. Definition [13] . We say that a subgroup 77 of a topological group G is (weakly) totally dense in G provided that, for each closed (normal) subgroup N of G, the set 77 n N. is dense in N.
It is clear that 77 as above is dense in G and that both notions coincide in case G is Abelian. The notion of a totally dense subgroup was extensively investigated in the literature [2, 3, 4, 5, 6, 7, 8, 12] . Its significance became clear in the context of the open mapping theory in the following sense. continuous homomorphism n : G -> 77 of G onto a topological group 77 is open.
The following result clarifies the interrelation between the notions defined above. 1.3. Total minimality criterion ( [6] , see also [7, 4.3.3] ). A dense subgroup 77 of a compact topological group G is totally minimal if and only if 77 is weakly totally dense in G.
In this paper we investigate the question whether a compact group contains a proper, (weakly) totally dense subgroup with additional "compact-like" properties such as countable compactness and pseudocompactness.
Recall that a topological space X is:
co-bounded if every countable subset of X has compact closure; countably compact if every infinite subset of X has an accumulation point in X;
pseudocompact if every real-valued continuous function defined on X is bounded.
It is well known that compact -* «-bounded -► countably compact -► pseudocompact, but neither of these implications is reversible (see [9] ).
In 1982 Comfort and Soundararajan proved that any countably compact totally dense subgroup of a totally disconnected compact Abelian group G coincides with G [5, Theorem 6.7] . Our first result shows that both "Abelian" and "totally disconnected" are superfluous here. This theorem also substantially strengthens Corollary 6.8 of [5] . It should be noted that a general topological (Abelian) group can contain a proper, totally dense, countably compact subgroup. We give a detailed exposition of this phenomenon in a forthcoming paper.
Obviously, compact groups are countably compact and totally minimal. For Abelian groups the converse is also true.
1.5. Corollary. A countably compact, totally minimal Abelian group is compact. Proof. Let G be a countably compact, totally minimal Abelian group. Since G is pseudocompact, the completion G of G is compact [1, Theorem 6.3 and 1.13]. By 1.3, G is totally dense in G, and Theorem 1.4 implies G = G. G 1.6. Corollary. If G is a countably compact, noncompact Abelian group, then there exists a continuous homomorphism n : G -> H of G onto a topological group 77 that is not open.
Comfort and Grant [2] and Guran [ 10] found out examples of totally minimal, countably compact, noncompact (necessarily non-Abelian) groups. These examples show that "Abelian" cannot be dropped in Corollaries 1.5 and 1.6. Now let us consider the pseudocompact case. Here there is an easy necessary condition for a topological group to contain a proper, totally dense, pseudocompact subgroup.
1.7. Theorem. Let G be a topological group that has a torsion, closed, normal G ¡-subgroup N. Then G contains no proper, totally dense, pseudocompact subgroup.
Proof. Let 77 be a totally dense, pseudocompact subgroup of G. First observe that N C 77. Indeed, pick x £ N. Since N is torsion, the smallest subgroup K of G containing x is finite. Since G is Hausdorff, K is a closed discrete subgroup of G. Therefore x £ K = HnK C H because 77 is totally dense in G. Further, let N -Ç\{V" : n £ N}, where all V" 's are open in G. We can construct by induction a sequence {Un : n £ N} of open neighbourhoods of the neutral element of G so that U~l = U" and U2+l ç U" n Vn for all n £ N. Then N' = f]{U" : n £ N} ç f]{Vn : n £ N} = N is a closed subgroup of G.
Let <p : G -» G/N' be the natural quotient map from G onto the left coset space G/N'. From [11, 8.2] it follows that G/N' is submetrizable, i.e. there exists a one-to-one continuous map / : G/N' -> M onto a metric space M. Observe that 77* = i(cp(H)) is a dense, pseudocompact subspace of the metric space Af. Since pseudocompact metric spaces are compact [9, 8.5.13(c) ], H* -M. Since N' ç N ,we conclude that 77 n (g + N) ^ 0 for every g £ G. Therefore H = H + H2H + N = G. D It turns out that the condition described in Theorem 1.7 is the unique constraint for the existence of proper, totally dense, pseudocompact subgroups of compact Abelian groups. However, we were able to prove this only under Lusin's hypothesis 2mi = 2W . This additional set-theoretic assumption is known to be consistent with the usual Zermelo-Fraenkel axioms ZFC of set theory [12] . In special cases we can construct totally dense, pseudocompact subgroups of compact Abelian groups without additional set-theoretical assumptions. Our next theorem improves Theorem 5.3 of [5] . The reader might compare it with Theorem 1.4. 1.9. Theorem. Let G be a compact Abelian group with nonmetrizable connected component of zero. Then there exist K, an co-bounded (hence countably compact) dense subgroup of G, and a proper, totally dense subgroup H of G such that KCH (in particular, H is pseudocompact).
For weakly totally dense subgroups of compact groups the situation changes entirely.
1.10. Theorem. For a compact connected group G the following are equivalent:
(i) G contains a proper, weakly totally dense, countably compact subgroup; (ii) G contains a proper, weakly totally dense, co-bounded subgroup; and (iii) the center Z of G is not a Gs-subgroup of G.
It follow from this theorem that if G is a compact, connected, simple Lie group, then G10' contains a proper, weakly totally dense, (»bounded (hence countably compact) subgroup. So in Theorem 1.4 "totally dense" cannot be replaced by "weakly totally dense."
In conclusion let us mention open problems left unanswered by our results. In connection with the first part of 1.11 one should mention the following significant result of Comfort and Robertson [4] : the existence of a compact group K with a totally dense, pseudocompact subgroup of properly smaller cardinality than \K\ is undecidable in ZFC.
Preliminaries
We denote by N and Z the sets of naturals and integers respectively, by c the cardinality of the continuum, and by T the circle group. Proof. Let X be the (discrete) dual group of G. Consider a free subgroup F of G such that X/F is torsion, and let f : F -* X be the inclusion. Then F is isomorphic to Z(y4) for some A that is nonempty iff X is nontorsion and satisfies \A\ = \F\ -\X/t(X)\ in case the latter group is uncountable. Since the dual group of F is isomorphic to TA , taking the adjoint homomorphism q> = f* we obtain a continuous surjective homomorphism cp : G -> TA , which has the desired properties. To verify this one should note that ker cp is isomorphic to the dual group of the quotient X/f(F), while C is isomorphic to the dual of X/t(X) [11, 24.11] . Now use the fact that the dual group of a torsion group is totally disconnected [11, 24.26 ]. On the other hand the second isomorphism yields both (a) and (b) in view of the above properties of F and the equality w(C) = \X/t(X)\ [11, 24 .15]; in particular, C ¿ {0} iff X is not torsion, i.e. A¿0 [11,24.26 ]. D A subset of an Abelian group G is said to be independent if it generates a free subgroup of G. 1 (iv) ). From [8] it follows that K -a{La : a £ A] is a totally minimal group, so K is weakly totally dense in L by 1.3. Since K ç U, L' is also weakly totally dense in L. Now Lemma 2.1(a) implies that 77 is weakly totally dense in G.
(ii) -> (i) is trivial. D
Reduction principle
In this section we prove a general statement that permits us to construct homomorphisms of groups that lower the weight of groups and preserve some of their properties. . , if a, ß < c, then there are X £ J? and p. £cf with cp(X) = cp(p) = a and y/(l) = y/(p) -ß.
Since G is not torsion, we can choose an infinite cyclic subgroup Z of G. Now by transfinite recursion we construct an increasing chain {77,, : y < c} of subgroups of G such that for all y < c the following conditions are satisfied:
(iy) |77y|<c;
Proof of Theorem 1.9. Use Lemma 2.2 to find a continuous surjective homomorphism cp : G -* Tw> . In [5, 5 .1] a proper, totally dense subgroup 7T' of T0»' with IT0" C 77' was constructed. Set K = <p-l(LT°i) and 77 = <p~l(H'). Then K is a dense, «-bounded subgroup of G (Lemmas 2.6 and 2.1 (i), (iv)) and 77 is a totally dense subgroup of G (Lemma 2.1(ii)). Properness of T7 and the inclusion K C H are obvious. D
